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M A T H E M A T I C A L  A N A L Y S I S  OF W H I R L E D  T U R B U L E N T  

F L O W  T H R O U G H  A P I P E  

V.  V .  T r e t ' y a k o v  a n d  V.  I .  Y a g o d k i n  UDC 532.54204 

The effect  of rotat ion of the s t r eam on the development of turbulent  flow in a pipe is analyzed by 
a numer ica l  method.  Calculated distr ibut ions of average turbulence velocity and energy are  
compared  with exper imenta l  data. 

Study of whir led turbulent  flow is ve ry  important .  Owing to the t remendous  complexity of such a flow, 
however ,  it has so far  been studied less  extensively  than s imi l a r  flow without whirling. This applies espe-  
c ia l ly  to flow through pipes.  Here will be p resen ted  the resu l t s  of numer ica l  calculations per ta ining to whir led 
turbulent  flow through a cyl indr ical  pipe, calculat ions based  on the two-pa rame t r i c  k -  e and k -  W models  of 
turbulence [1]. Various authors  have used these models  e a r l i e r  for  calculating the flow in boundary l aye r s ,  in 
f ree  or  bounded j e t s ,  and through channels of in t r icate  shapes.  They compared  the theore t ica l  and exper imen-  
tal  data on the bas is  of average flow cha rac t e r i s t i c s  (velocity prof i les ,  size and location of the rec i rcu la t ion  
zone, etc .) .  In [2], e . g . ,  a compar ison is  shown between calculated and m easu red  prof i les  of average velocity 
along an annular  channel.  This is par t ly  at tr ibutable to the fact that published exper imenta l  data on whirled 
flow are  incomplete in t e r m s  of turbulence cha rac t e r i s t i c s .  F o r  this r eason ,  we have selected for  compar ison 
the data in [3] containing not only the prof i les  of the components of average veloci ty and the p r e s s u r e  d is t r ibu-  
t ions along the pipe wall as well as along the pipe axis ,  but also data on the distribution of and the corre la t ion  
between the intensi t ies  of the th ree  components of velocity fluctuations in the s t r eam.  

The sys tem of equations descr ibing a steady turbulent  motion of an incompress ib le  fluid through a pipe, 
under  the assumption of a rotat ionally symmet r i c  flow without ex terna l  body fo rces  acting and with constant 
molecu la r  t r a n s f e r  coeff ic ients ,  can be wri t ten in cyl indr ical  coordinates  as 

Ov~ 1 0 
o--; + - -  - -  (rv3 -- o, r ar 

OGV~oz ~ . . . .  1 0 r v ~  0 [ Ov~l 2 0 [ ,Ov~]+__~O [ Ov~l , vr v~ 1 Op 
r Or Oz (v + v,) Oz J + - -  - -  r (v + v# -~r (v + vt) 2 (v -~ vt) -~- + r Or Oz Or J -7-  p Or 

(1) 

Oz + r Or 0-z- (v + vt) Oz I -~ r (v + ~,) r , r Or Oz]  p Oz [ (v+v~)  r Or Or J 

r Or Oz (~ + v t )  Oz J + - r  --Or r ( v + v ~ ) T  r Or [(~ +v t )  rvd' 

where v z, v r ,  and v 0 a re  t i m e - a v e r a g e d  components of veloci ty .  

Trans la ted  f rom Inzhenerno-Fiz icheski i  Zhurnal ,  V01. 37, No. 2, pp. 254-259, August, 1979. Original 
a r t ic le  submitted September  5, 1978. 
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F o r  c a l c u l a t i n g  the  c o e f f i c i e n t  of t u r b u l e n t  v i s c o s i t y  v t we wi l l  use  the t r a n s f e r  equa t i ons  p e r t a i n i n g  to 
the  k i n e t i c  e n e r g y  of  t u r b u l e n c e  p e r  uni t  vo lume  k = (v~2)/2 and to the r a t e  of  i t s  d i s s i p a t i o n  e = v ( (3v[ /Sx j )  2) 

in the  k -  e m o d e l  a s  w e l l  a s  the  t r a n s f e r  e q u a t i o n s  p e r t a i n i n g  to q u a n t i t i e s  k and W in the k - W  m o d e l ,  quan -  
t i t y  W b e i n g  p r o p o r t i o n a l  to the  f r e q u e n c y  of t u r b u l e n t  f l u c t u a t i o n s  s q u a r e d .  

It h a s  been  d e m o n s t r a t e d  in [2] t h a t ,  d e s p i t e  the e x p e r i m e n t a l l y  o b s e r v a b l e  a n i s o t r o p y  of the coe f f i c i en t  
of  t u r b u l e n t  v i s c o s i t y  [4], t h i s  c o e f f i c i e n t  can  be  r e g a r d e d  as  a s c a l a r  quan t i ty  in c a l c u l a t i o n s  p e r t a i n i n g  to the 
d i s t r i b u t i o n  of the  a v e r a g e  v e l o c i t y  of  w h i r l e d  f low t h r o u g h  an a n n u l a r  channe l .  A c c o r d i n g l y ,  the  c o e f f i c i e n t  
v t w i l l  be  c a l c u l a t e d  wi th  the  a i d  of the  K o l m o g o r o v -  P r a n d t l  r e l a t i o n s  

% = CJe~/e, (2) 
l 

v t = leW 2 (3) 

in the  t u r b u l e n c e  m o d e l s  k -  e and k - W ,  r e s p e c t i v e l y ,  a s  we l l  a s  the  t r a n s f e r  e q u a t i o n s  fo r  k ,  e, and  W in the 

Ov~ko___Z_ + rl Orv.kor --  OzO ( v + 3k + --rl --OrO (r v + vt 3k Or +Sty. 

Ov~s 1 c)rvrs 0 ( v + v  t Oe ) 1 0 ( v + v  t Oe ) 
az + - - - - -  + &, (4) r Or Oz % az + r r Or c~ Or 

f o r m ,  

s i o n s  fo r  the  s o u r c e  t e r m s  Sk,  Se ,  and S w a r e  

& = ' ~ d ~ - -  ~, 

S~ = e (C , ,~ vtF h -  C2 ,~ e)/k, 

Sh = v tF~-  C,k ]/'W-, (5) 

W 
S w = C1 ,~ % (grad ah)2 - -  C2 ,w W 3/2 + C3,= ~ %Fk, 

[ (ooor (o , ;  (Ovzt 2 lOv'~2 v" + § r - + 
Fh = 2 ~ az ] + ! ~ -~  + ~ -aT] a~ ~ ~-o7 ~z ] 

with  w i deno t ing  the c o m p o n e n t s  of the  v e l o c i t y  v o r t e x .  The v a l u e s  of the  e m p i r i c a l  c o n s t a n t s  in t h e s e  e q u a -  
t i ons  a r e ,  a c c o r d i n g  to  d a t a  in [1, 5], C u = 0.09 and a k = 1.0, o e = 1.3, C~,e = 1.44,  C2, e = 1.92 in t he  k -  e 
m o d e l ,  and  o k = qw = 0.9, C1, w = 3.5,  C2, w = 0.17, C3, w = 1.04 in t h e  k - W m o d e l .  

The s y s t e m  of e q u a t i o n s  (1)-(5) wi l l  be s o l v e d  by  the f i n i t e - d i f f e r e n c e s  m e t h o d  [6], f o r  which  t h e s e  e q u a -  
t i o n s  a r e  t r a n s f o r m e d  by  i n t r o d u c t i o n  of the f low funct ion  r and the t a n g e n t i a l  v o r t e x  componen t  w = 12r 

I O~ 1 0r 1 (Ov~ Ovz~ 
v ~ -  , v. , P - = -  (6) 

pr Or pr Oz r kOz Or ] 

in l i eu  of the  p r e s s u r e  p and the v e l o c i t y  c o m p o n e n t s  Vz, v r .  

I n a s m u c h  as  equa t i ons  d e s c r i b i n g  such  a f low a r e  of the e l l i p t i c  k ind ,  the v a l u e s  of v a r i a b l e s  r ~ ,  v0 ,  
k ,  and e o r  W (depending  on the mode l )  m u s t  be  d e t e r m i n e d  a t  a l l  b o u n d a r i e s  of the  f low r e g i o n .  

The p r o f i l e s  of e a c h  v a r i a b l e  a t  the  channe l  e n t r a n c e  s e c t i o n  a r e  s t i p u l a t e d  a r b i t r a r i l y  and r e g a r d e d  as  
p a r a m e t e r s  of the  p r o b l e m .  The p r o f i l e  of t a n g e n t i a l  v e l o c i t y  v 0 w i l l ,  m o r e o v e r ,  be s t i p u l a t e d  a c c o r d i n g  to 
the  law f o r  a s o l i d  body ,  t h i s  law a p p r o x i m a t i n g  the p r o f i l e  e x p e r i m e n t a l l y  e s t a b l i s h e d  in [3]. 

The c o n d i t i o n s  at  the a x i s  of s y m m e t r y  a r e  s t i p u l a t e d  a s  

, (r = O) = O, (7) 

vo (r = O) = O. (8) 

r Or a~ Or , 

The f i r s t  t e r m s  on the r i g h t - h a n d  s ide  a p p e a r  in the  g r a d i e n t a l - d i f f u s i o n  a p p r o x i m a t i o n  and the e x p r e s -  

Ok as OW 
Or Or Or 

- - 0  at r = O ,  

9 2 ~p = ~ 8 [(~vJvp - -  ~Pp)/r~Np ~ ( ~ N P  - -  ~p)/r;vp]/(r N,vp ~ ryvp), 

(9) 

(10) 
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where  e x p r e s s i o n s  (7)-(9) r e p r e s e n t  convent ional  condit ions of s y m m e t r y  and where  the boundary  condit ion for  
~2 has  been  e x p r e s s e d  in f i n i t e -d i f f e r ence  f o r m  on the a s sumpt ion  that  in the v ic in i ty  of the axis  it is  poss ib le  
to expand funct ions  r and ~2 into T a y l o r  s e r i e s  with r e s p e c t  to the d i s tance  f r o m  the axis  as  the p a r a m e t e r .  
Subsc r ip t s  P ,  NP ,  and NNP r e f e r  to va lues  of this  funct ion,  r e s p e c t i v e l y ,  on the axis  and in the f i r s t  and 
second  r ad ia l  l a y e r s  of the f i n i t e -d i f f e r ence  g r id .  

The c o n s t r a i n t s  on all  funct ions  at the channe l  exi t  a r e  s t ipula ted  a s  

Olc)z = 0 at z -~ L. (11) 

N u m e r i c a l  ca lcu la t ions  have shown that  a s s u m i n g  the approx ima te  boundary  condit ion (11) af fec ts  the solut ion 
only in the i m m e d i a t e  v ic in i ty  of the exi t  sec t ion .  The n u m e r i c a l  r e s u l t s  Which will  be shown he re  r e f e r  to 
the reg ion  beyond  this  zone.  

The c o n s t r a i n t  on the flow function at the sol id  boundary  fol lows f r o m  the condit ion of z e r o  leakage 

(r = r0) = const, (12) 

with the value of the cons tan t  d e t e r m i n e d  f r o m  the condit ion of n o r m a l i z i n g  with r e s p e c t  to the m e a n - d i s c h a r g e  
ve loc i ty  v m.  The c o n s t r a i n t s  on all o the r  v a r i a b l e s  at the sol id  bounda ry  a r e  d e t e r m i n e d  f r o m  the a s sumpt ion  
tha t  the ~wall law" appl ies  to a c u r v e d  s u r f a c e ,  this  a s s u m p t i o n  hav ing  been  va l ida ted  by e x p e r i m e n t a l  da ta  [7]. 

A c c o r d i n g l y ,  within l a y e r  A n e a r e s t  to the sol id  su r f ace  one can a s s u m e  

vo, ~ =  ~ V~Ln ~ , (13) 
~ COS ~ 

fl~ _ V, sin ~ (14) 
rzA• ' 

V 2 t~-a/2 k ~ =  , ~  , (15) 

eA = V3* (h• -i, (16) 

Wa = C~ l (V,A-t• 2, (17) 

where  
* . 

V, = V~lcos c~ ----- Vz/sin ~, tg *r = vjvo. 

The va lues  of V z and V~ a re  found f r o m  ca lcu la t ed  va lues  of the flow function r and the tangent ia l  ve loc i ty  
componen t  v 0, as  so lu t ions  of the two t r a n s c e n d e n t a l  equa t ions  

-~-  - • v s{n c~ - ~  Ln v c--C-bZ~ / ' 

where  ~t = 0.41 and E = 9.0. 

E x p e r i m e n t a l  da ta  on the d i s t r ibu t ions  of the t h r ee  componen t s  of a v e r a g e  ve loc i ty  in a pipe a re  p r e -  
sen ted  in [3] f o r  two va lues  of the whi r l  p a r a m e t e r  e = a~0r0/vm: e = 0 and e = 3 (w 0 denot ing the a v e r a g e  
angu la r  ve loc i ty  of a g a s  at the exi t  f r o m  the w h i r l e r ) .  The d i s t r ibu t ions  of in tens i t i e s  of  ve loc i ty  f luctuat ions  
a r e  shown fo r  the s a m e  va lues  of  the whi r l  p a r a m e t e r .  The e x p e r i m e n t s  w e r e  p e r f o r m e d  with the Reynolds  

o,*i 

a,z / ! I/ 
o io 

,t 
10o 3Oo 

"./_Ald:AA/_A. 
a 

.i 1 , Y l  
ILl_~ 

0 fO 40 lO0 

X.AZ.A 

b 

200 Z/~ 

Fig .  1. Change of p ro f i l e s  a long a pipe : a) prof i le  of the axial  
ve loc i ty  componen t  Vz; b) p rof i l e  of the tangent ia l  ve loc i ty  
componen t  v 0 .  NBe 1.5 o 104. , Solid l ines  r e p r e s e n t  c a l c u l a -  
t ions ;  dashed  l ines  r e p r e s e n t  e x p e r i m e n t a l  data in [3]. 
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Fig.  2. Change of the profile of turbulence energy k along a pipe. 
NRe = 1.5-104. Solid lines represent  calculat ions;  dashed lines 
r epresen t  experimental  data in [3]. 

Fig.  3. Change of the profile of turbulence energy k along the initial 
pipe segment.  NRe = 105. 

number  NRe = vmr0 /u  equal to 1o5.104 and the dynamic velocity V,  = 0.0545Vm. These data were compared 
with calculations for the same values of these pa r ame te r s .  

Calculations were made f i rs t  for an unwhirled flow (o = 0), assuming for  the components of average tur -  
bulence velocity and energy at the pipe entrance conditions close to those experimental ly established in [3]. 
Assumed was,  fu r the rmore ,  a uniform profile of turbulent v iscosi ty  Pt- 

The calculations revealed a profile of the axial velocity component developing into one close to the ex-  
per imentaUy establ ished one, but some discrepancies  in the profi les  of turbulence energy k. These d i sc rep-  
ancies could a r i se  due to the actual flow in this case not being fully developed within the initial segment of the 
pipe. With the turbulent flow fully developed fur ther  downstream (z / r  0 >- 150), the profi les  of v z and k were 
found to approach those experimental ly  established in [8]. 

The next step was calculating a whirled flow (o = 3), with the rotation of the s t ream significantly affecting 
the average values of the flow pa rame te r s  and the turbulence cha rac te r i s t i c s .  Calculations and experimental  
data pertaining to Vz, v0, and k within the entrance segment in this case are compared in Figs .  1 and 2. The 
calculations here  are  based on the k -  W model.  The graphs indicate a close agreement  between calculated 
and measured  distr ibutions of both velocity components over  the entire pipe length, but somewhat more dis-  
crepancy between the respect ive distributions of turbulence energy,  especial ly within the z / r  0 = 25-60 zone. 
This d iscrepancy could be due to a loss of stability in a rotational flow by a mechanism generating additional 
turbulence energy in the s t ream but d is regarded  in both models .  The resul ts  of calculations according to the 
k -  e model agree a lmost  exactly with those based on the k - W  model.  Therefore ,  they cor rec t ly  depict the 
flow pattern within the initial segment L ~ (10-15)r 0 and both models of turbulence are useful for describing a 
whirled turbulent flow such as the one considered here .  

Fo r  the purpose of determining the effect of whirling on the distributions of kinetic turbulence energy 
and of components of the average velocity within the initial pipe segment,  calculations were made under the 
following assumpt ions:  Reynolds number  NRe = vmr0/u = 105 and ~ = 1, uniform profile of the axial velocity 
component,  "solid body"- law profile of the tangential velocity component,  l inear profile of turbulence energy,  
uniform profile of turbulent viscosi ty  vt, and Vef = 10 -3. The resul ts  of these calculations are shown in 
Fig. 3. The graphs here  indicate a generation of turbulence near  the pipe wall. As the flow develops, the 
energy of this turbulence is t ransmit ted  from the pipe wall toward the center ,  which its profile with the peak 
shifting toward the pipe axis indicates.  At the same t ime,  energy is also dissipated and its profile acquires 
the charac te r i s t i c  features  of a developed one. At higher  values of the whirl pa r ame te r ,  turbulence energy is 
generated more  intensively and the turbulent viscosi ty  increases  at the pipe wall so that the level of kinetic 
turbulence energy at the pipe entrance has a relat ively l e s se r  influence on the distributions of components of 
the average velocity in the s t ream.  It ought to be noted, however,  that stipulating k and v t profi les fa r  f rom 
"natural" ones will dras t ical ly  change the turbulence pa rame te r s  within the initial pipe segment and thus can 
qualitatively dis tor t  the flow pat tern.  
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NOTATION 

z, r ,  0, axial, radial,  and tangential coordinates; r0, pipe radius, Vz, Vr, v0,t ime-averagedcomponents 
' ' v~, corresponding fluctuation components of velocity; v, coefficient of kinematic viscosity; of velocity; Vz, Vr, 

NRe = vmr0/v, Reynolds number; Vm, mean-discharge velocity; L, pipe length, ~, angle between the velocity 
vector and direction 0; Vef = v + vt; V,,  dynamic velocity. 
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E F F E C T  OF MASS F O R C E S  

IN A L A M I N A R  S U B L A Y E R  OF 

IN R E C T I L I N E A R  C H A N N E L S  

S P A T I A L  O R I E N T A T I O N S  

ON PARTICLE MOTION 

TURBULENT FLOW 

WITH VARIOUS 

Yu.  M. G r i s h i n  a n d  A. A. M o s i n  UDC532.517 

Based on solutions of the equations of motion, features of motion of a liquid particle are analyzed 
for a laminar sublayer of turbulent flow in channels with varying spatial orientations. 

It is well known [1] that in solving the problem of particle precipitation at channel walls in a turbulent 
gas flow, the t ransverse  particle motion is advisably considered separately in the flow bulk and in a narrow 
boundary layer  with a large velocity gradient - the laminar sublayer. In the bulk flow the particle motion is 
uniquely determined by the action of turbulent flow pulsations on the part icles [2] and obeys the laws of turbu- 
lent diffusion. In the boundary-layer region the effect of diffusion particle motion is weakened in comparison 
with systematic effects (due to fundamental forces).  In this case it was shown [3] that particle precipitation at 
the channel walls is pr imari ly  determined by particle t ra jector ies  in the laminar sublayer. Despite the large 
number of papers devoted to calculating particle t ra jec tor ies  in the laminar sublayer (see, e .g . ,  [4]), the 
problem of the effect of mass forces (weight forces) ,  taking into account their  interactions with forces gener- 
ated in the fluid itself,  on t ra jector ies  of particle motion in channels with varying spatial orientations has so 
far  not been sufficiently investigated. 

In this connection we consider the problem of motion of nondeformed part icles of spherical shape in a 
laminar sublayer of an evolving turbulent flow moving in a rect i l inear  channel. We assume that tke basic 
parameters  of the boundary layer  are independent of the channel orientation in space, do not vary along the 
channel (stable flow), and are determined by the well-known semiempirical  relations [5] 

J 
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